Abstract-An analytical formula of the current distribution for the VLF horizontal wire antenna located above the ground is presented in this paper. This formula is suitable for the VLF horizontal antenna which is fed at arbitrary position and with arbitrary loaded impedance at the end. In order to validate the analytical formula, a numerical code based on MoM is also developed. The comparison between the results obtained by two methods proves the validity of the analytical formula proposed in this paper.
INTRODUCTION
The horizontal wire antenna located above the earth has been used widely in VLF electromagnetic system [1] [2] [3] [4] [5] [6] [7] . Compared to the vertical monopole antenna [8, 9] which is typical of the most VLF transmitting antennas, the advantage of the horizontal antenna includes easy to be constructed and repaired, low cost, requiring no ground plane and so on. However, the radiation efficiency of this antenna is very low because of the negative image under the ground. So the horizontal antenna is more often used in receive system or used as the lash-up transmitting antennas. Seeley had investigated the radiation efficiency of a single horizontal VLF antenna and the array [10] . In his research, it had been indicated that the radiation efficiency can be increased by using closely spaced parallel array. In order to calculate the radiation efficiency, the current distribution is necessary. In Seeley's work, two special cases were considered. In the first case, the dipole was terminated at each end with its characteristic impedance. In this case, the current distribution was a traveling wave. In the second case, the resonant dipole fed at a current maximum was considered. In this case, the current distribution can be approximated with sinusoid function. The antenna fed at arbitrary position and with arbitrary end-loaded impedance was not discussed in Seeley's paper. Although the numerical methods, such as MoM, FDTD, FEM, can be used to model the VLF horizontal antenna, it is still useful and interesting to obtain an analytical formula of the current distribution. However, few studies were made in this field.
The purpose of this paper is to establish an analytical formula of the current distribution for VLF horizontal antenna. This new formula can be applied for the antenna which is fed at arbitrary position and with arbitrary end-loaded impedance. In order to verify the analytical formula, a numerical code based on MoM is also developed in this work to model the VLF horizontal antenna.
FORMULATION
Consider a horizontal wire antenna located above a planar ground as shown in Fig. 1 . The earth is considered as an isotropic lossy medium with conductivity σ. The loaded impedance at the end of the antenna is denoted as Z L1 and Z L2 respectively. The values of the loaded impedance depend on the realistic status of the antenna. If the end is open, the loaded impedance is infinite. If the end is grounded well, the loaded impedance is zero. And if there is a grounding resistance at the end, the loaded impedance is equal to the grounding resistance. The grounding resistance can be obtained by measurement. The origin point is selected as the feed-position, and the position of the ends of the antenna are denoted as −L 1 , L 2 respectively. The radius of the antenna is a, and the height of the antenna is h which is much less than the wave-length in free-space. Similar to the propagation of plane wave in the layered medium, the current at arbitrary point on the antenna can be considered as the sum of the contribution from excited source and the reflection at each end. Then the current can be written as follow
At the right of Equation (1), the first item I 0 is the contribution from the excited source, and can be considered as the primary part. The second item I + and the third item I − are the contribution of the reflection at left end and right end of the antenna respectively, and can be considered as the scattering part. k L is the wave number along the antenna. The wave number of the VLF horizontal antenna had been investigated by King in [11] and the k L can be formulated as
(2) where Υ = 0.57721. k 0 is the wave-number in free-space and k 1 is the wave-number in the earth. The limitation of Equation (2) is that the height of the antenna should be much less than the wave-length.
There are three unknown coefficients I 0 , I + , I − in Equation (1). They can be solved by utilizing the boundary condition of current at each end of the antenna. At the left end, by using the relation between incident current and reflect current, we can obtain the equation as
And at the right end, by using the relation between incident current and reflect current, we can obtain the equation as
where Γ 1 , Γ 2 are the voltage reflect coefficients at the left end and right end respectively. And it is known that the voltage reflect coefficient and current reflect coefficient are inverse-phase each other. Using Equations (3) and (4), we can solve the coefficients I + and I − as
The next task is to solve the coefficient I 0 . By using Equations (1), (4) and (5), the input current at the feed-position can be written as
The input current can also be calculated by using the input voltage V and the input impedance Z in ,
With Equations (6) and (7), the coefficient I 0 can be solved as
The input impedance Z in appearing in Equation (8) can be obtained by using the transmission-line method (TLM)
where Z c is the characteristic impedance of the VLF horizontal antenna and had been formulated in [6] as
The reflect coefficients can be written as
Equation (1) is the analytical formula of current distribution that we want to obtain. And the coefficients in Equation (1) are given in (5), (8) respectively.
In order to verify the analytical formula, a numerical code based on MoM is developed to obtain the numerical results of the current distribution for VLF horizontal antenna. By using the boundary condition on the antenna, the electric field integral equation (EFIE) can be established as
where the x-component of vector magnetic potential A x and the scalar electric potential Φ can be formulated as
where G A (r, r ) is the Green's function of vector magnetic potential and G V (r, r ) is the Green's function of scalar electric potential. The Green's functions of the horizontal dipole in half-space had been presented in [12] [13] [14] .
where R T E is the spectrum reflect coefficient of TE mode and R T M is the spectrum reflect coefficient of TM mode. The remainder parameters have the same meaning as defined in [13] . By adopting the discrete complex image theory (DCIM) proposed in [12, 13] , the closed form of the Green's function can be obtained as
a n e −jk 0 rn r n (21)
where
a n , b n and a m , b m are the coefficients obtained by DCIM. Expand the unknown current with basis functions and use the Galerkin method, the integral Equation (13) can be converted to a matrix equation and the numerical results of the current can be obtained by solving this matrix equation. The process is similar to the analysis of wire antennas in free-space and need not be repeated here. However, it ought to be indicated that two half-basis functions should be added at the end of the antenna in order to model the current at the end points.
RESULTS
Several examples are discussed in this section to verify the analytical formula. In these examples, the structure of the antenna had been shown in Fig. 1 and the input voltage is assumed to be 1. It can be seen from Equation (8) that the evaluation of the current relies on the input impedance Z in . So the accurate of the Z in given in (9) by TLM should be verified firstly. In the first example, the input impedance of VLF horizontal antenna with different length is analyzed. The parameters are assumed as follows: frequency f = 20 kHz; the conductivity and relative permittivity of the earth are ε r = 10 and σ = 0.0005 s respectively; the equivalent radius of the antenna is a = 0.5 m; the height of the antenna is h = 10 m; the length of the antenna is variational from 5 km to 10 km. In this example, the antenna is fed at the center point.
The results of the input impedance with TLM and MoM are shown in Fig. 2 where the x-axis is the length of the antenna and the y-axis is the input impedance. It can be seen that the results of the TLM approach to the MoM well. In the second example, the current distribution of the VLF horizontal antenna with different loaded impedance at its end is considered. The parameters of the antenna are defined as follows: frequency f = 20 kHz; conductivity of the earth σ = 0.0005 s; relative permittivity of the earth ε r = 10; length of the antenna L 1 + L 2 = 10 km; radius of the antenna a = 0.01 m; height of the antenna h = 10 m. The distance from the feed-position to the left end is 2.5 km.
First, each end of the antenna is opened. In order to satisfy this condition, the endmost loaded impedance should be set to infinity. In our work, an adequate large resistance, for example, 100 MΩ, is used to replace the infinity impedance. The results of the analytical formula and the MoM code are shown in Fig. 3 at the same time where (a) is the magnitude of the current and (b) is the phase. Next, the antenna is terminated at each end with its characteristic impedance. To this example, the characteristic impedance can be calculated by Equation (10) as Z c = 524.1 − 18.9j Ω. Results of the analytical formula and the MoM code are shown in Fig. 5 where (a) is the magnitude of the current and (b) is the phase. It can be seen that the current distribution is a traveling wave. 
